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A probabilistic argument is used to obtain an upper bound on the mean of the 
region distribution of an arbitrary graph. This result, which is fairly sharp, though 
in all likelihood not best possible, is strong enough to imply that the average genus 
of the complete graph is asymptotic, in ratio, to its maximum genus. 0 1991 
Academic Press, Inc. 
This note relies heavily on the notion of a permutation-partition pair 
and it is assumed that the reader is familiar with the contents of the first 
chapter of [4]. For the standard information on topological graph theory 
the reader is referred to [ 11. The more recent articles [2, 31 contain some 
discussions of random topological graph theory in a very general setting. 
Let (P, n) be a fixed permutation-partition pair over the underlying set 
s = { 1, 2, . ..) n}, and suppose that n= (n,, n2, . . . . n,> and di = IIIi 1 for 
i = 1, 2, . . . . p. When (P, n) is the pair corresponding to a graph G then 
each 17, corresponds to a vertex of G and each di is the degree of the 
corresponding vertex. We now define random variables X, , X2, . . . . Xn as 
follows. Let T(,,,, be the complete reduction diagram of (P, n) defined by 
the ordering (1<2< ... <n) of the underlying set S. Assuming that all the 
(P, n) - (4, 4) paths of the complete reduction diagram Ttp,*) have been 
assigned the same probability, one of them is picked at random and we 
define the value of Xj to be the weight of the jth arc in the selected arc. Let 
pi=Prob[Xj= l] for j= 1, 2, . . . . n. 
Note that the partition n’ of each descendent (P’, l7’) of (P, n) in the 
reduction diagram T(,,,, depends only on the distance of (P’, n’) from 
(P, n). In fact, if (P’, n’) has distance n - k from (P, n) then 
L!‘=II/n/n- l/mso/k+ 1 for k=O, 1, 2, . . . . n; 
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Moreover, if the member of 17’ that contains k has cardinality ck then the 
vertex (P’, n’) of Tt,,n, has outdegree ck. Hence, bearing in mind that 
every edge between a fixed pair of consecutive levels is in the same number 
of paths from top to bottom in the reduction diagram, 
pk = PrOb[X, = 1] < l/(c, - 2) if ck 2 2, 
since at most one of the arcs emanating from (P’, n’) can carry a weight 
of 1. Consequently, 
EIXkl GPk = 
l/tck - l) if cka2 
1 otherwise. 
Now, if we denote the average number of regions in the embeddings of 
VP m bY P(PJ7) and the harmonic sum by H,, it follows from [4, 
Lemma 1.51 that 
P(P,II) = EC& + & + - - - +x,J=E[X,]+E[X,]+ .-- +E[&] 
Gp+ i &,-1. 
i=l 
These considerations are summarized in the theorem below. 
THEOREM 1. Let (P, lI) be a permutation-partition pair such that 17 = 
(4, 172, **-, lIp> and di= 1l71 for i= 1,2, . . . . p. Ifptp,nI denotes the mean 
of the number of regions in the random embedding of (P, n), then 
&JJT,~P+ i H,+ 
i= 1 
COROLLARY 2. Let 6* denote the geometric mean of the degrees of the 
p vertices of the graph G. Then the mean of the number of regions in the 
random orientable 2-cell embedding of G is bounded above by 
p(2 + In S*). 
The author is indebted to Arthur White [6] for pointing out that this 
result implies that the average genus of the complete graph K, is 
asymptotic to its maximum genus, in the sense that their ratio converges 
to 1. 
It is of course appropriate here to examine the sharpness of the bounds 
obtained above. It was proven in [S] that the average number of regions 
of the bouquet B, of 4 loops on one vertex is H,, + o( 1). This is, of course, 
very close to the bound obtained in Corollary 2. By taking p disjoint copies 
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of B, one obtains graphs of arbitrary order for which this bound is still 
fairly sharp. This, of course, raises the question of what happens for con- 
nected graphs. The average number of regions of several infinite families of 
l-connected and 2-connected cubic graphs was investigated in [S] and 
shown to be asymptotically linear in the number of vertices. The methods 
of the same article can be employed to show that for every positive integer 
k there is an infinite family of k-connected graphs whose average number 
of regions is asymptotically linear in the number of vertices. It is easily seen 
that for each of these linear families of graphs the parameter 6* is essen- 
tially constant. Thus both the average number of regions and the bound 
provided by Corollary 2 above are essentially linear functions of p. The 
author interprets this situation as evidence that the bound of Corollary 2 
is indeed fairly sharp. Nevertheless, the author believes that this situation 
is anomalous and that for most graphs on q edges the average number of 
regions is close to ln(2q). 
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